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A global definition of K-nice subgroup is formulated, which generalizes both the 
notion of a nice subgroup in the context of torsion groups and the notion of a K- 
nice submodule used in a recent study of p-local balanced projective groups. It is 
shown, analogous to Hill’s treatment of totally projective p-groups, that the 
(global) balanced projective groups of Wartield are precisely those mixed abehan 
groups that satisfy the Third Axiom of Countability for K-nice subgroups. A variety 
of equivalent characterizations of balanced projectives are derived by methods 
independent of the uniqueness and existence theorems previously established for 
these groups. 0 1987 Academic Press, Inc. 
1. INTRODUCTION 
Throughout this paper, G denotes an additively written abelian group. 
By a height sequence we mean a sequence s= (s,,)~~ p, indexed by the set P 
of primes, where each sp is either an ordinal or the symbol co. We order 
height sequences pointwise and introduce the meet operation s A t = 
(SP A tJpGP’ where sp A t, = min{s,, tp}. It is, of course, understood that 
tl< cc for all ordinals c1 and we follow the customary convention that 
co < cc and co + n = co for n < o. With each x E G, we associate its height 
sequence 1x1 = (IxIJpE pT where lxlp denotes the height in G of x at the 
prime p; that is, Ixlp=o! if xEp”G and x$p”+‘G, and Ixlp= co if x~p”G 
for all ordinals a. Recall the elementary facts that Ix+ yl 2 1x1 A IyJ, 
lx + A, = l-$J A IYIp if lxlp z IYIp and lnxlp = Ixlp if (n, p) = 1. Each height 
sequence s determines the fully invariant subgroup G(s) = {x E G: 1x12 s>. 
If tAi)ieI is an independent family of subgroups in G, then we say that 
A = ois, Ai is a valuated coproduct in G provided for each a = Cicl ai in A 
we have Ial = Aie, Iail (where, of course, it is understood that aiE Ai for 
each i and that the meet operation only involves the finitely many nonzero 
als when a ~0). An equivalent formulation of the foregoing definition is 
* Sponsored by the National Science Foundation under Grant DMS-8420900. 
457 
0021~8693/87 $3.00 
Copyright 0 1987 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
458 LANE AND MEGIBBEN 
that, for any height sequence s, a E G(s) implies ai E G(S) for each i. If n is a 
positive integer and s is a height sequence, ns will denote the height 
sequence given by (ns), = s,, + nP, where p”p is the highest power of p 
dividing n (i.e., (r~~)~~,, is the height sequence of n computed in Z?‘). 
Observe that G(ns) = nG(s) = { nx: x E G(s)}. We say that height sequences 
s and t are equiualent if there exist positive integers m and n such that 
ms = nt. As is common in the study of torsion free groups, we refer to 
equivalence classes of height sequences as types and we say that x and y 
have the same type if 1x1 and I yl are equivalent. We shall also need the 
fully invariant subgroup G(s*) generated by those XE G(s) with 1x1 not 
equivalent to s; that is, G(s*) is generated by those elements x in G(s) such 
that either (xlP>sP # co for infinitely many primes p or else lxlP>s,+o 
for one or more primes p with sP # co. 
A short exact sequence 0 + A + B + C + 0 of abelian groups will be said 
to be balanced if, for each height sequence s, the induced sequence 
0 + A(s) -+ B(s) + C(s) -+ 0 is also exact. A subgroup A of B is, of course, 
said to be a balanced subgroup if the canonical sequence 
0 + A -+ B + B/A + 0 is balanced exact. It is an elementary observation 
that A is balanced in B if and only if A is isotype in B (i.e., p”Bn A = p”A 
for all primes p and ordinals a) and (B/A)(s) = B(s) + A/A for all height 
sequences . We say that G is a balanced projective group if it enjoys the 
projective property relative to the class of all balanced short exact sequen- 
ces. It is by now a widely known fact that the balanced projective torsion 
groups are the (not necessarily reduced) totally projectives and that, 
among the torsion free groups, the balanced projectives are the completely 
decomposable groups. 
The general study of balanced projective groups was initiated by War- 
field in [ 151, and the results obtained there are in many respects definitive. 
In particular, Warlield classifies these groups in terms of appropriate 
invariants (see Theorem 5.2 in [15]) and gives a perspicuous description 
(Theorem 5.3[ 151) of them as direct sums of rather special groups of 
(torsion free) rank < 1. In more detail, for an arbitrary height sequence s, 
call G an s-elementary balanced projective if the following conditions are 
satisfied: (1) G/G(s) is a reduced totally projective torsion group; 
(2) G[p] =0 if sP= co; and (3) G(s) is isomorphic to the rational group 
consisting of all m/n, where n is divisible by only those primes p where 
sP = co. Not only are the rank one torsion free groups included under this 
rubic, but also new mixed balanced projective groups are thereby 
introduced. Warlield shows that any group G possessing a direct decom- 
position G = TO eis, Ki, with T totally projective and each Kj and s- 
elementary balanced projective for some s, is a balanced projective group 
and that moreover every abelian group is a homomorphic image, with 
balanced kernel, of such a G (Theorem 2.3 [ 151). Thus every balanced pro- 
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jective is a direct summand of such a G. Furthermore, expoliting his 
classification theorem and a delicate argument as to the permissible 
invariants of p-local balanced projectives, Warlield succeeds finally in 
showing that every balanced projective group G has a direct decomposition 
of the sort described above. One salient consequence of the foregoing 
description is the fact that any balanced projective G contains a K-basis; 
that is, G contains a family X= {x~}~~, of independent elements where 
0(x,) = co, lkxil = klxj for each positive integer k, (X) = eis, (xi) is a 
valuated coproduct in G, and G/(X) is torsion. Of course, a balanced pro- 
jective G obviously has a K-basis X such that G/(X) is a totally projective 
group. The latter observation is the point of departure for the New Mexico 
School (see [8-lo]) in their extensive study of summands of simply presen- 
ted groups, and one consequence of their elaborate theory is that a group 
G is a balanced projective if and only if it contains a K-basis X such that 
G/(X) is totally projective. 
The one indispensable tool in all the papers referenced in the preceding 
paragraph is Hill’s fundamental result [3] on the extension of height 
preserving isomorphisms between certain types of subgroups with totally 
projective cokernels. The very heart of Hill’s method, however, is the com- 
binatorial approach exploiting his 3rd Axiom of Countability in order to 
transcend the inherent cardinality limitations of the Kaplansky-Mackey 
formulation of Ulm’s original technique. The virtues of the 3rd Axiom of 
Countability are not, of course, limited to its usefulness in extending 
homomorphisms and, in fact, it has proved to be a powerful combinatorial 
tool in a variety of contexts (see, e.g., [2,4, 51). The desirability of some 
appropriate version of the 3rd Axiom of Countability in the study of mixed 
groups was recognized by Warfield in [1416], but a number of technical 
difficulties have until now stood in the way of a succesful extension of the 
combinatorial method to the systematic study of balanced projectives. The 
most formidable problem has been the precise definition of the appropriate 
class of subgroups to play the same role as the nice subgroups do in Hill’s 
treatment of totally projective groups. In the case of p-local groups, this 
difliculty has recently been resolved quite handily by Lane [ 111 by the 
introduction of what he calls K-nice submodules. First, K-modules are 
defined as those p-local groups in which every finitely generated submodule 
is a finite extension of a free valuated submodule (in the sense of [ 121). 
Then a submodule N of a 2P-module M is said to be K-nice provided N is 
nice in M (i.e., @(M/N) = paA + N/N for all ordinals c() and M/N is a 
K-module. The p-local balanced projective groups turn out to be precisely 
the %“,-modules atisfying the 3rd Axiom of Countability with respect to 
K-nice submodules. Although the many potential applications of this 
characterization are still in the process of being worked out, it seems fairly 
safe to predict that the status of the theory of p-local balanced projectives 
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and their isotype submodules will soon reach the same level of develop- 
ment as for totally projective p-groups. 
2. THE BASIC CONCEPTS 
The main purpose of this paper is to extend the 3rd Axiom of Coun- 
tability characterization in [ 1 l] to all balanced projective groups. The 
required globalizing process, however, is not as straightforward as one 
might hope since the appropriate formulation of the notion of a K-nice 
subgroup cannot be obtained simply via localization. But fortunately many 
of the difficulties we shall encounter can be resolved by reference to the 
recent Hill and Megibben paper [7]. The first stumbling block to be over- 
come in globalizing the combinatorial approach to the study of balanced 
projectives is the failure to appreciate the hidden implications that reside in 
the very notion of a K-basis. If X= {x~}~~, is a K-basis of the group G, then 
it is crucial that we recognize that the direct decomposition 
(X) = @ ic, (xi) enjoys properties stronger than merely being a valuated 
coproduct and that the individual x;s are “primitive” in the sense that they 
behave very much like the generators of rank one summands of torsion free 
groups. Deferring to [7] for detailed motivation, we introduce the sub- 
groups G(s*, p) = G(s*) + G(ps) for each height sequence s and each prime 
p and make the following two fundamental definitions. 
DEFINITION 2.1. An element x E G is said to be primitive if lkxl = k 1x1 
for all positive integers k and x4 G(s*, p) for each height sequence s 
equivalent to 1x1 and each prime p such that sP= IxJP# co. 
DEFINITION 2.2. Let A = @ iE, Ai be a valuated coproduct in G and let 
a = Cis, ai be an arbitrary element of A with ai E Ai for each i. If for each 
height sequence s and each prime p, a E G(s*) implies each uie G(s*) and 
UE G(s*, p) implies each USE G(s*, p), then we say that A = eis, Ai is a 
*-valuated coproduct in G. 
Iff X= {Xi}&, is a K-basis of G, then a somewhat tedious argument 
confirms the fact that each xi is primitive in G and that F= @ iE, (xi) is a 
*-valuated coproduct in G. Of course, that G/F is torsion plays the decisive 
role in forcing these stronger condition to hold. As the notion of primitivity 
is not widely known, a couple of fundamental observations may be in 
order. First, if x E G is such that lkxl = klxl for all positive integers k and if 
m is positive, then x is primitive if and only if mx is primitive (see the proof 
of Lemma 2.2 in [7] ). Second, if x is primitive in G and if x E G(s*, p), then 
either x E G(ps) or else 1x1 is not equivalent to s (i.e., lxlP 2 sP + o for some 
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p with sp # 00 or lxlp # sp for infinitely many primes p). Abstracting further 
from the properties of a K-basis, we introduce yet another concept 
from [7]. 
DEFINITION 2.3, If F= eis, (xi) is a *-valuated coproduct in G, 
where each xi is a nonzero primitive element, then F is said to be a free 
*-valuated subgroup of G and we refer to the xi’s as free generators of F. 
Even though [7] deals solely with torsion free groups, all proofs given in 
the paper of results that involve only the notions of primitivity, *-valuated 
coproducts, and free *-valuated subgroups carry over verbatim to the more 
general context of arbitrary abelian groups. In particular, the following 
Exchange Lemma (Theorem 2.8 in [7]) is valid. 
LEMMA 2.4. Zf F is a free *-valuated subgroup of G and if y is a nonzero 
primitive element contained in F, then y is one of the free generators of a free 
*-valuated subgroup F with F/F finite. 
COROLLARY 2.5. Suppose both H = NO F and NO (y) are *-valuated 
coproducts in G, where y is a nonzero primitive element and F is a free *- 
valuated subgroup of G. Zf y E H, then y is one of the free generators of a free 
*-valuated subgroup F, where H’ = NO F is a *-valuated coproduct in G 
and H/H’ is finite. 
Proof Write y=z+n,x, + ... +n,x,, where ZEN and the x;s are 
among the free generators of F. Without loss in generality, we may assume 
that F= (x1) 0 . . . 0 (x, ). Since both NO ( y ) and N 0 F are valuated 
coproducts in G, it follows that 1 y- z[ = 1 yl. By Lemma 2.5 in [7], 
y, = y - z is primitive and NO (y, ) is a *-valuated coproduct in G. But 
y, E F and therefore Lemma 2.4 yields a free *-valuated subgroup 
F,= (Y,)Q .. . @ ( y, ), where the y,‘s are its free generators and F/F, is 
finite. Another application of Lemma 2.5 from [7] yields the *-valuated 
coproduct H’=N@(y)@(y2)@ . ..O(y.) and thus F=(y)@ 
<Y*)Q . . . @ ( y, ) is the desired subgroup. 
As in [ 111, we need to introduce the class of groups that behave locally 
(in the sense of finitely generated subgroups) as if they possess a K-basis. 
Call G a K-group if for each finite subset S there is a finite rank, free *- 
valuated subgroup F of G such that (S, F)/F is finite. Actually a countable 
K-group will have a F-basis and this can be proved along the same lines as 
Proposition 3.5 in [7]. Torsion free K-groups are just the k-groups of [7]. 
Since the notion of a K-group is formulated in terms of free *-valuated sub- 
groups and the fundamental Lemma 3.6 of [7] is valid for arbitrary abelian 
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groups, we are able to adapt the proof of Theorem 3.7 in [7] to yield the 
following important result. 
THEOREM 2.6. A direct summand of a K-group is a K-group. 
Proof: Except for a slight, but significant, detail at the end of the 
argument, the proof is substantially the same as for 3.7 in [7]. We shall, 
however, at least give a sketch of the whole argument. Assume, to begin 
with, that G = H@ K is a K-group and that S is a finite subset of H. Then 
there is a finite rank, free *-valuated subgroup A of G such that (S, A )/A 
is finite. As in the proof of 3.7 in [7], we imbed A in a countable free *- 
valuated subgroup F with the property that F is torsion modulo (F n H) 0 
(Fn K). Applying Lemma 3.6 of [7], we obtain a *-valuated coproduct 
F = A @B@ C, where F/F’ is torsion, B has finite rank, and C= 
(C n H) 0 (C n K). If we take F” = (F’ n H) @ (F n K), then it is routine to 
show that F/F’ is torsion and that we have a *-valuated coproduct 
F’=A,@B,@C,whereA,=Hn[A@B@(CnK)].ClearlythenA,isa 
finite rank subgroup of H with (S, A,)/A, finite. To confirm the fact that 
H itself is a K-group, we need only show that there is a free *-valuated sub- 
group A’, of G (and, a fortiori, of H) such that Al/A; is finite. That this is 
so is the content of the following unnumbered technical lemma. 
LEMMA. Suppose F = A 0 N is a *-valuated coproduct in G, where A has 
finite rank and F/F’ is torsion for some free *-valuated subgroup F. Then A 
contains a subgroup A’ such that A/A’ is finite and A’ is a free *-valuated 
subgroup of G. 
Proof: The proof is by induction on the rank of A. Pick an element 
x E A of maximal type. We claim that x is necessarily primitive in G. Indeed 
if x were not primitive, then this fact would be confirmed by the existence 
of a ge Fn G(s*), where s is equivalent to 1x1 and IX - g], > ]xlp = sp # co 
for some prime p. (To understand why there would be such a g within F, 
consult the proof of 2.8 in [7].). Replacing x by a nonzero multiple of itself 
if necessary, we may further assume that gE F. But then the choice of x 
forces us to conclude that g E N and hence (x - g(, = lxlp A lglp < Ixlp. 
Now given that x is primitive in G, we have, by Lemma 2.4, a *-valuated 
coproduct F, = (x) @ N, with F/F, finite. Finally, observe that 
A i = (x ) 0 (A n N,) is a *-valuated coproduct with A/AI finite and 
therefore the desired conclusion follows by induction. 
Before formulating the appropriate generalization of the K-nice sub- 
modules of [ 111, we need to globalize the notion of a nice subgroup. As is 
well known, the naive approach of requiring p’(G/N) = p”G + N/N for all 
primes p and all ordinals ~1 leads to unpleasant consequences. Although 
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there is more than one method of globalizing niceness that will avoid the 
pitfalls of the naive approach, the one most convenient for the theory we 
wish to develop is that via localization, as suggested in [14] and applied 
successfully in [8]. Thus we agree to call a subgroup N of G a nice sub- 
group provided, for each prime p, the localization NP = 2& 6 N is nice in 
the p-local group G, = %“, Q G in the sense that pLI(GP/NP) = paG, + N,/N, 
for all ordinals a. Of course, it is the facts that 2, is torsion free and that 
tensor products are left exact that allow us to view N, as a submodule of 
G, and to identify G,/N, with (G/N),. It is then immediate, from the 
corresponding results in the p-local case, that finite subgroups are nice and 
that N’ will be nice in G provided N is nice in G and N’JN is nice in G/N. 
Another crucial observation is that the canonical map G -+ G, preserves 
p-heights. Indeed, as observed by Warlield (see proof of 1.17 in [15]), the 
preservation of heights at the prime p is a consequence of the fact that both 
the kernel Tor(Z’/Z?“, G) and the cokernel %/ZP Q G of the map G -+ G, 
are torsion groups with trivial p-primary components. On several 
occasions, we shall require the following elementary lemma. 
LEMMA 2.7. Zf N is nice in G and if, for some prime p, g + Ngp’(G/N), 
then there is a positive integer k such that (k, p) = 1 and kg E~*G + N. In 
particular, if p”g E N for some n < o, then the coset g + N contains a 
p-proper element y (i.e., Ig+zj,< (yl, for all ZE N). 
Proof. Let 4 denote the canonical map G -+ G,. Then since NP is nice in 
the p-local group G,, we have 4(g) = z + y, where y E~“G, and z E NP. As 
the cokernel of 4 is torsion with a trivial p-primary component, there will 
be a positive integer k, such that (k,, p) = 1 and both k, z and k, y are in 
Im 4. But by our earlier observation about the preservation of p-heights, 
we can then write &k,g) = #(zr + yl), where y, l p*G and z1 EN. Since 
Ker 4 is also a torsion group with a trivial p-primary component, we have 
another positive integer k, such that (k2, p) = 1 and k,k,g= k,z, + 
k2 y, ep”G + N, as desired. Finally, if p”g E N and a = ) g + NI,, then the fact 
that (k, p”) = 1, where k is as in the first part of the lemma, allows us to 
write g=z,+y, where Z,EN and y~p*G. Thus yEg+N and Ig+zlP< 
Ig+NI,=lylp for all ZEN. 
Since tensor products commute with direct sums and the localization 
map G + G, preserves p-heights, a valuated coproduct in G localizes to a 
valuated coproduct in each G,. Consequently our next result, which plays 
a major role in the theory we are to develop, follows immediately from the 
p-local version proved in [6]. 
PROPOSITION 2.8. Let N and N’ be subgroups of G with N’fN cyclic and 
N nice in G. If for each g E G there is a subgroup A of G and a positive 
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integer m such that N’@ A is a valuated coproduct in G that contains mg, 
then N’is a nice subgroup of G. 
We close this section by recording a couple of further facts related to 
nice subgroups which we shall require later. 
LEMMA 2.9. If N = A @ B is a valuated coproduct in G and if N is a nice 
subgroup of G, then A is also a nice subgroup of G. 
ProoJ As with Proposition 2.8., the proof reduces to the case where G 
is a p-local group. The proof can then be completed by reference to the 
transitivity of niceness in the context of p-local valuated groups, or else by 
a routine translinite induction establishing simultaneously the two 
inclusions p”(G/A) n N/A E (p*G n N) + A/A and p”(G/A) cp”G + A/A. 
Note that the first inclusion, coupled with the fact that p*(G/N) = 
p”G + N/N, implies the second for a given ordinal a. 
Once again reducing to the p-local case, we see that the proof of 
Theorem 31 in [9] (see also the remark preceding Theorem 8.2 in [8]) 
yields the following result. 
LEMMA 2.10. If Y is a subset of a K-basis of G, then ( Y) is a nice sub- 
group of G. 
COROLLARY 2.11. If Y is a subset of a K-basis of G and if A is a nice 
subgroup of G such that N = A @ ( Y) is a valuated coproduct with G/N 
torsion, then N is a nice subgroup of G. 
Proof: Once more, it suffices to consider the p-local case. The crucial 
observation is the fact that the isomorphism c H c + A from C = ( Y) onto 
N/A preserves heights as computed in G and G/A, respectively. Indeed 
since A is nice in G, there is an a E A such that Ic + alp = Ic + Al,. But then 
Iclp < Ic + Al, = Ic+ al, = lclp A Ialp < Iclp. 
Recalling then that (G/A)/(N/A) N G/N is torsion, it follows that 
Y’ = { y + A: y E Y} is a K-basis for G/A and therefore ( Y’ ) = N/A is nice 
in G/A. Consequently, N is nice in G. 
3. K-NICE SUBGROUPS 
Having dealt with the requisite basic concepts in the preceding section, 
we are now in position to introduce the subgroups that play the same role 
for balanced projective groups as ordinary nice subgroups do in Hill’s 
treatment of totally projective p-groups [3]. 
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DEFINITION 3.1. A subgroup N of G will be said to be a K-nice subgroup 
provided the following three conditions are satisfied: 
(i) N is a nice subgroup of G. 
(ii) N is globally quasi-nice in the sense that for each g E G there is a 
positive integer m such that the coset mg + N contains an element y with 
I.4 = Iw+Nl. 
(iii) G/N is a K-group. 
In the p-local case, (ii) is a consequence of (i) and the definition reduces 
to that given in [ 111. Note that 0 is a K-nice subgroup if and only if G is a 
K-group, and that summands of K-groups are K-nice by Theorem 2.6 
above. The precise re1ationshi.p between balanced subgroups and K-nice 
subgroups is documented in our next result. 
THEOREM 3.2. Let H be a subgroup of the abelian group G. Then the 
following two conditions are equivalent: 
(1) H is an isotype K-nice subgroup of G. 
(2) H is a balanced subgroup of G with G/H a K-group. 
Proof First suppose H is a balanced subgroup of G with G/H a 
K-group. Then conditions (ii) and (iii) of Definition 3.1 are satisfied by H. 
Moreover, H is certainly nice in G since in fact p*(G/H) = paG + H/H for 
primes p and all ordinals IX. As we noted in the Introduction, balanced sub- 
groups are isotype and therefore (2) implies (1). Conversely, suppose H is 
an isotype K-nice subgroup of G. Then, since G/H is a K-group and H is 
isotype in G, the only further fact we need to establish is that (G/H)(s) = 
G(s) + H/H for all height sequences s. Assume then that lg + HI 2 s 
and choose m and y as in condition (ii) of Definition 3.1. Then 
y = mg + h E G(ms) for some h E H and therefore my, = m(g + h,) for some 
y,~G(s) and h,cH, that is, g+h,= y,+z, where zEG[m]. It suffices to 
show that each p-primary component of the torsion element z is expressible 
in the form z’ + h’, where (z’lP 3 sP, h’ E H, and z’ also has p-power order. 
That this is possible follows from Lemma 2.7 and a routine argument 
exploiting the fact that H is isotype in G. 
Frequently, it is convenient to have an alternative characterization of 
K-nice subgroups in the spirit of the definition of k-nice subgroups 
in [6,7]. To this end, we prove the following theorem. 
THEOREM 3.3. The nice subgroup N of G is a K-nice subgroup if and only 
if for each finite subset S of G there is a *-valuated coproduct N’ = NQ F, 
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where F is a finite rank, free *-valuated subgroup of G and (S, N’)IN’ is 
finite. 
ProoJ First assume that N is a K-nice subgroup of G and let S be a 
finite subset of G. Since G/N is a K-group, there is a finite rank, free 
*-valuated subgroup N’/N of G/N such that (S, N’)/N’ is finite. By con- 
dition (ii) of Definition 3.1, there is no loss in generality in assuming that 
N’/N has a set of free generators x, + N, x2 + N, . . . . x, + N such that 
jxil = Ixi + NI for each i. Since G(s*, p) + N/N c (G/N)(s*, p) and (kxi( < 
lkx,+ NI = k(xJ for all positive integers k it is clear that the xls are 
primitive in G. It is also evident that we have a direct decomposition 
N’=N@(x,)@ ... @ (x,) and therefore it remains only to show that 
this direct sum is in fact a *-valuated coproduct. Suppose then that z + 
t,x,+ ... + t,x, is in G(s), where z E N. Then since N’/N= (xi + N) @ 
... @ (x, + N) is a valuated coproduct, ltixil = Jt,xi + NI 2 s for each i 
and consequently N 0 (xi ) @ . . . @ (x, ) is at least a valuated coproduct. 
Similarly, if z + t, x, + . . + tmx, is in G(s*, p), then tixi+ NE (G/N) 
(s*, p) for each i. But since tixi + N is primitive in G/N, either tixi + N is in 
(G/N)(ps) or else It,x,+ NI is not equivalent to s. In either case, 
tixiE G(s*, p) and we conclude that the direct sum is a *-valuated 
coproduct. 
Conversely, let us assume that N is a nice subgroup of G satisfying the 
stated condition. We shall first show that (ii) of Definition 3.1 holds for N. 
Given g E G, we do have a valuated coproduct NO F in G such that 
mgE NO F for some positive integer m. Now write mg = w + y, where 
w E N, y E F, and observe that lkmg + z[ < lky[ for all positive integers k 
and all z EN. It suffices to verify that Img + NI, < 1 yip for all primes p. But 
given a prime p, Lemma 2.7 yields a positive integer k relatively prime to p 
and a z E N such that 
Finally, we need to show that the assumed condition implies that G/N is a 
K-group. Now any finite subset of G/N is the image of a finite subset S of G 
and we therefore have a *-valuated coproduct N’ = NO (xi) @ . . . @ 
(x, ) in G, where the xls are primitive and (S, N’ )/N’ is finite. If we can 
prove that N’/N= (x, + N) 0 . . . 0 (x, + N) is a *-valuated coproduct 
in G/N and that the xi + N’s are primitive, then we shall indeed be able to 
conclude that G/N is a K-group. Since lkx,+zl < IkxJ for all positive 
integers k and all z E N, the argument using Lemma 2.7 above confirms that 
lnxi+ NI = lnxil = nlxJ for all positive integers n. Note then that 
Definition 3.l(ii) being satisfied by N forces the xi + N’s to be primitive in 
G/N. Indeed if xi + NE (G/N)(s*, p), then for some positive integer n and 
some z E N, we will have nx,+z E G(t *, p), where t = ns. But then 
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nxi E G(t *, p) and if xi + N were not primitive, the primitivity of nx, would 
be contradicted. In a similar fashion, Deliniton 3.l(ii) can be exploited to 
show that WIN= (x1 + N) 0 . . . @ (x, + N) is a *-valuated coproduct. 
Our next result generalizes to K-nice subgroups a well-known property 
of nice subgroups. 
PROPOSITION 3.4. Zf N is K-nice in G and N’IN is K-nice in G/N, then N 
is a K-nice subgroup of G. 
Proof. Given the hypotheses, we at least know that N’ is nice in G and 
that G/N’ 1: (G/N)(N’/N) is a K-group. Thus we need only verify 
Definition 3.l(ii) for N’. By repetition of an argument used in the proof of 
Theorem 3.3, it suffices to find a positive integer m and a y E mg + N’ such 
that lkmg + z[ 6 lkyl for all positive integers k and all z E N’. Now since 
N/N is K-nice in G/N, Theorem 3.3 yields a positive integer m and a free 
*-valuated subgroup F/N such that N’/N @ F/N is a valuated coproduct 
containing mg + N, say, mg + N = (W + N) + (y + N), where w EN’ and 
y E F. Because N satisfies Definition 3.l(ii), we may further assume without 
loss in generality that Jy + NI = lyl. Note also that lkyl = klyl since y + N 
is an element of the free *-valuated subgroup F/N. Finally observe that the 
desired condition 
Ikmg+ ZJ < lkmg + z + NI < Jky + NI = lkyl 
is satisfied for all positive integers k and all z E N’. 
It is, of course, true that finite subgroups of K-groups are actually K- 
nice. To give a quick prove of this fact, we shall need the following lemma, 
which will also be useful later. 
LEMMA 3.5. Suppose A, B, and C are subgroups of G such that A/B is 
torsion and B@ C is a valuated coproduct in G. 
(1) Zf C is a free *-valuated subgroup of G, then A 0 C is also a 
valuated coproduct in G. 
(2 ) If A @ C is a valuated coproduct in G and B @ C is a *-valuated 
coproduct, then A @ C is also a *-valuated coproduct in G. 
Proof. (1) Assume by way of contradiction that there is an a E A and 
a CE C such that (a+ clP > lclP for some prime p. Then there is some 
positive integer n such that na E B. If p”p is the largest power of p dividing n, 
we have the contradiction 
lclp + np -c la + clp + np < Ina + nclp = Inalp A lnclp = ICI, + np. 
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Note that the only property of C that we require is that jncl = njcl for all 
c E C and all positive integers n. 
Part (2) is a consequence of the following routine observation: If x E G(s) 
and if n is a positive integer such that nx E G(t *, p), where t = ns, then 
x E G(s*, p). 
COROLLARY 3.6. Zf N and N’ are subgroups of G such that IV/N is finite 
and N is K-nice in G, then N’ is also a K-nice subgroup of G. 
Proof By Proposition 3.4, it suffices to show that if N is a finite sub- 
group of the K-group G, then N is K-nice in G. Since finite subgroups are 
necessarily nice, we need only demonstrate that N satisfies the condition of 
Theorem 3.3. To this end, let us suppose that S is a finite subset of G and 
take F to be a finite rank, free *-valuated subgroup of G such that 
(S, F)/F is finite. Note finally that N’ = NO F is a *-valuated coproduct in 
G by (1) and (2) of Lemma 3.5. 
Our main tool for generating new K-nice subgroups is contained in the 
following crucial theorem. 
THEOREM 3.7. Zf N’ = NO F is a *-valuated coproduct in G, where N is a 
K-nice subgroup and F is a finite rank, free *-valuated subgroup, then N’ is a 
K-nice subgroup of G. 
Proof By induction, it suffices to consider the case where 
N’ = NO ( y ) is a +-valuated coproduct with y a nonzero primitive 
element in G. First we show that N’ satisfies the condition of Theorem 3.3. 
Given a finite subset S of G, let S’ = Su {y} and apply Theorem 3.3 to 
obtain a finite rank, free *-valuated subgroup F of G such that H = NO F 
is a *-valuated coproduct in G with (S’, H)/H finite. In particular, there is 
some nonzero multiple y’ of y lying in H. Then, by Corollary 2.5, we have a 
*-valuated coproduct H’ = N 0 ( y’ ) 0 F, where F is a finite rank, free *- 
valuated subgroup of G and H/H’ is finite. Thus (S, H’ j/H’ is also finite. 
But then Proposition 2.8 and Theorem 3.3 combined imply that NO (y’) 
is a K-nice subgroup of G. Finally, N’ = NO ( y ) is a finite extension of 
NO (y’) and therefore N’ is K-nice in G by Corollary 3.6. 
COROLLARY 3.8. Zf F is a finite rank, free *-valuated subgroup of the 
K-group G, then F is a K-nice subgroup of G. 
COROLLARY 3.9. Every finite subset of a K-group is imbeddable in a 
finitely generated K-nice subgroup. 
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4. THE ~RD AXIOM OF COUNTABILITY 
Following [2], we say that a family % of subgroups of G is an H&J- 
family in G provided the following three conditions are satisfied: 
(0) OEGg 
(1) % is closed under group union, i.e., C N, is in %’ if each Ni E 59; 
(2) if A E %’ and if C is a countable subgroup of G, then there is a 
BE % such that A + C s B and B/A is countable. 
Recall that Hill [3] says that a primary group G satisfies the 3rd Axiom of 
Countability if there is an H&)-family in G the members of which are nice 
subgroups. By a G&)-family in G, we mean a family of % of subgroups 
satisfying (0), (2), and 
(1’) %? is closed under unions of chains. 
With some abuse of standard terminology, we shall call a well-ordered 
family {Nax)or<r of subgroups a composition series for G provided No = 0, 
N, s N, for a < /?, N, = Us < 5( N, if CI is a limit, N, + ,/N, is cyclic of either 
infinite or prime order, and G = U a < ~ N,. 
It is well known that for a torsion group G the following conditions are 
equivalent: 
(a) G is totally projective. 
(b) There is an H&)-family of nice subgroups of G. 
(c) There is a G(N,)-family of nice subgroups of G. 
(d) G has a composition series consisting of nice subgroups. 
In this section, we generalize these equivalences to the context of arbitrary 
balanced projectives with, of course, “nice subgroups” replaced by “K-nice 
subgroups.” Our treatment is in large measure independent of [ l&S] in 
the sense that we borrow only a couple of quite elementary results and 
avoid completely the elaborate uniqueness and existence theory developed, 
from disparate points of view, in those papers. Thus in Theorem 4.2 below, 
we provide a purely combinatorial proof, independent of any structure 
theory, that G is a balanced projective group if and only if G contains a 
K-basis X with G/(X) totally projective. It is, of course, evident that one 
of the advantages of a 3rd Axiom of Countability type characterization of 
balanced projectives is the opportunity that it offers for proving the 
uniqueness theorem in the spirit of Hill’s original method [3] for totally 
projectives. Even’ though this was done in [ll] for the p-local case, we 
have decided to leave the global version to some possible future expository 
account of the entire unified theory. 
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What enables us to give a development largely independent of [S, 151 is 
the following summand theorem. 
THEOREM 4.1. Zf there is an H(K,)-family of K-nice subgroups in G, then 
any direct summand of G also contains an H(K,)-family of K-nice subgroups. 
Proof: Let % be an H&)-family in G such that all the members of % 
are K-nice in G. Suppose we have a direct decomposition G = HO K and 
take %Y:’ to be that family of subgroups A of H to which there corresponds 
an NE %’ with N = A 0 (Nn K). That %’ is an H&,)-family in H is well 
known and, in fact, is proved in 81.5 of [ 11. Moreover, since direct decom- 
positions are preserved under localization, the members of %’ are nice in H 
also by 81.5 in [l]. Note that Theorem 2.6 implies that H/A is a K-group 
whenever A E%?. It remains to verify that the members of %?’ satisfy, 
relative to H, condition (ii) of Defintion 3.1. Indeed a given A E V inherits 
this property from the corresponding N = A@ (Nn K) in %?. To see this, 
suppose Ix+NI=Iyl, where XEH and z=y-XEN. Then if z=a+w, 
where a E A and w E K, we have 
Ix+Al<Ix+Nl=Iyl<Ix+al, 
where the height sequence Ix + Al is the same whether computed in H/A or 
in G/A. 
We are now prepared to undertake the proof of the following omnibus 
theorem. 
THEOREM 4.2. For any abelian group G, the following six conditions are 
equivalent :
(i) There is an H&J-family of K-nice subgroups in G. 
(ii) There is a G(K,)-family of K-nice subgroups in G. 
(iii) G has a composition series consisting of K-nice subgroups. 
(iv) G is a balanced projective group. 
(v) G has a K-basis and there is an H&,)-family of nice subgroups in 
G. 
(vi) G contains a K-basis X with G/(X) a totally projective group. 
Proof That (i) implies (ii) is trivial. Assume that G satisfies (ii). Then it 
is clear that G is the union of a continuous chain (M,},,,, where M, = 0, 
each M, is K-nice in G, and M,, ,/M, is countable for each a. Unfor- 
tunately, not every such chain can be refined to a composition series and 
therefore some further care must be exercised in the choice of the M,‘s. 
What is required is that M,, i be chosen to contain a free *-valuated sub- 
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group F,, of at most countable rank, such that M,@ F, is a *-valuated 
coproduct in G with M, + ,/(M, @ F,) a countable torsion group. Using a 
standard back-and-forth argument exploiting Theorem 3.7 and con- 
dition (1’) for the given G(N,)-family of K-nice subgroups, we can indeed 
construct the M,‘s with this further restriction. Then applying Corollary 3.6 
and Theorem 3.7 again, we refine the M,‘s to a composition series {N, } rx < r 
in which each N, is a K-nice subgroup of G. 
Next assume that we are given a composition series {N,},,, of G, where 
each N, is K-nice in G. We first wish to note that we may assume that 
N oL + I = (N,, x,), where one of the following two conditions holds: 
(I) There is a prime p such that px, E N, and x, is p-proper with 
respect o N,. 
(11) N,+I = N, 0 (x, ) is a valuated coproduct in G and 
Ikx,l =klxJ for every positive integer k. 
If N,, i/N, is finite, the existence of the desired x, follows from 
Lemma 2.7. Suppose, however, that N, + i = (N,, y ), where y has infinite 
order modulo N,. Then, by Theorem 3.3, there will be a positive integer m 
such that my=z+x,, where z E N, and N’ = N, 0 (x,) is a valuated 
coproduct in G with ) kx,l = k Ix,1 for all positve integers k. Since N’ 
inherits from N, + I the requisite property of Proposition 2.8 relative to N,, 
we can at least conclude that N’ is a nice subgroup of G. If we now replace 
N =+ I by N’ and reline a finite number of cyclic factors of prime order 
between our new and old N a+ i’s, we can conclude that we have a com- 
position series {N, > oL < = of G, where each N, is nice in G and condition (I) 
or condition (II) holds for each a. (Actually the terms in this relined series 
are also K-nice in G, but this is irrelevant to the remainder of our proof 
that (iii) implies (iv).) 
Suppose that A is a balanced subgroup of B and that 0 is a fixed 
homomorphism of G onto B/A. To show that G is balanced projective, we 
must construct a homomorphism $: G + B such that $(g) + A = 8(g) for 
all g E G. We accomplish this inductively by building up a well-ordered 
sequence of partial homomorphisms $.: N, -+ B, where the NE’s are as in 
the preceding paragraph. As N, = Us< c( N, when tl is a limit ordinal, it 
clearly suffices to establish the following technical result: 
LEMMA. If 72: N, + B is a homorphism such that n(g) + A = 8(g) and 
lgl < jz(g)l for all gE N,, then there is an extension 4: N,+l + B of n also 
satisfying 4(g)+ A=@(g) and lgl< l&g)1 for allgc IV,+,. 
The proof of the lemma naturally divides into two cases depending on 
whether N, + i satisfies (I) or (II). First let us assume that N,, I = (N,, x, > 
with (I) holding for the prime p. Then IS(x,)I,> lx,lp=b and, since A is 
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balanced in B, 0(x,) = b + A for some b E~~B. Since pb + A = O(px,) = 
n(px,) + A, pb - n(px,) is in A np6+lG = pa+ ‘A. Take y = b - a, where a 
is an element of p6A such that pa= pb-n(px,). Then ly1,>6 = IxollP, 
py= n(px,) and y + A = 0(x,). By setting 4(x,) = y, we obtain a well- 
defined extension $: N, + , + B which satisfies the condition d(g) + A = 
O(g) for all ge N,+i. Observe that every element of N,, r is of the form 
z+kx,, where z E N, and (k, p) = 1, and moreover Iz + kx,lp= lzlP A 
lkxrjp since px, E N, and x, is p-proper with respect to N,. Therefore 
Iz + klp = IzIp * klp 6 I+)l, * WA, d 14~) +bl, = I& +kJl,. On 
the other hand, if q is a prime different from p, Iz + kx,lp < (p(z + kx,)l, < 
I~Pz+~P-~,= M(z+Wl,= l4(z+Wl,since Id < Mg)l forgEN,. 
Next let us assume that N,, I is as in (II). Let 0(x,) = y + A where, since 
A is balanced in B, we may assume that 1 yl = I y + Al. Then we have a well- 
defined extension 4: N, + , -+ B of rc by taking &z+ kx,)=r(z)+ky 
whenever ZEN, and kEZZ’. Note that &g)+A=O(g) for all gEN,+, 
because of our choice of y. Finally, observe that 
Iz + k-d = Izl A WI lx,1 6 In(z)1 A lkyl < In(z) + kyl = l@(z + kx,)l. 
The proof that (iv) implies (i) depends on the fact that a balanced pro- 
jective group G is isomorphic to a summand of a group M= eis, Mi, 
where each Mi is either totally projective or an s-elementary balanced pro- 
jective for some height sequence s (see Theorem 2.3 in [Ml). By 
Theorem 4.1, it suffices to show that A4 itself has an H&)-family of K-nice 
subgroups. It is, of course, routine to see that if each Mi possesses uch a 
family, then so will M; i.e., if N, is K-nice in Mi, then N = Ci,, Ni is K-nice 
in M. Because of the well-known characterization of totally projectives, it 
remains only to observe that if H is an s-elementary balanced projective, 
then H has an H&)-family of K-nice subgroups. But this too is evident 
since H contains a rank one subgroup A such that H/A is totally projective 
and A is nice by localization applied to Lemma 1 of [13]. 
Next we wish to show that (i) implies (v). Clearly then it is enough to 
show that a group G satisfying (i) necessarily possesses a K-basis. From the 
foregoing arguments, we at least known that such a G has a composition 
series {Nr}a<r satisfying the conditions (I) and (II) considered above. 
Clearly each N, is the subgroup generated by all xB’s with b < a. We form 
the subset X consisting of all xB’s such that xB has infinite order modulo 
NB. By a routine induction, N,/( X, ) is torsion, where A’, = {xs : xg E X 
and /I < IX}. Thus G/(X) is torsion, But (II) implies that (X,) @ (x,) is a 
valuated coproduct whenever x, has infinite order modulo N,. It is 
therefore evident that (X) = ox. E X (x, ) is a valuated coproduct in G. 
Now, assume that X is a K-basis of the group G and that V is an H&J- 
family of nice subgroups of G, i.e., G satisfies (v). For any subgroup N of G, 
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let X, = Xn N and let g be the family of all subgroups N of G such that 
N/(X,,,) is torsion. Since G/(X) is torsion, it is easy to verify that ?Z is an 
H&)-family in G. But then V’ = ‘Z n .!E is also an H&,)-family in G (see 
Lemma 1.2 in [2]). For each NE%?‘, let Y, = x\X, and observe, by 
Lemma 3.5, that N’= NO ( Y,,,) is a valuated coproduct in G. (Observe 
that this is in fact a *-valuated coproduct and that N is consequently a 
K-nice subgroup of G.) But then each such N’ = (N, X) is nice in G by 
Corollary 2.11. It follows (see 79.3(i) in [l]) that 
9= {(N, X)/(X): NEW} 
is an H(K,)-family of nice subgroups of G/(X); that is, G/(X) is totally 
projective, as desired. Thus, we have shown that (v) implies (vi). 
We shall complete the proof of Theorem 4.2 by demonstrating that (vi) 
implies (i). Suppose then that X is a K-basis of G and that G/(X) is totally 
projective. Then there is an H&)-family 9 of nice subgroups in G/(X). 
The family % consisting of all subgroups N of G such that 
(N, X)/(X) E 9 is an H(N,)-family in G and therefore so is %” = $? n 3, 
where X is as defined above. Recalling also our earlier definitions of X, 
and Y,v, we see, by Lemma 3.5 again, that (N, X) = NO ( Y,) is a *- 
valuated coproduct in G whenever NE V. But then (N, X) being nice in 
G, because (X) is nice in G, implies that N is nice in G by Lemma 2.9. 
Thus the members of %?:’ are nice in G. Finally, observe that since G is tor- 
sion modulo the *-valuated coproduct NO (Y,) and (Y,) is a free *- 
valuated subgroup of G, each NE V’ is K-nice in G by Theorem 3.3. 
In view of Warfield’s long-standing query [ 151 as to whether groups 
satisfying (v) are necessarily balanced projective, the elementary nature of 
our proof that (v) implies (vi) is somewhat surprising. 
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